The r-refinement increases accuracy of finite element solutions, but not increases computations. This paper presents a new and efficient technique applied to the r-refinement, which is based on the relative errors. This technique does not need a reference solution, and any physical quantity, such as energy, displacement, stress, etc., can be arbitrarily selected and applied to this technique. A simple algorithm is provided to find the optimum positions of nodes instead of solving a variety of nonlinear equations. Furthermore, this paper demonstrates this technique and provides a comprehensive finite element analysis of flexible axially moving beam by using the h-, p-and r-refinements.
INTRODUCTION
There are three common approaches used to increase the accuracy of finite element solutions. The h-refinement increases the number of elements. The p-refinement increases the degrees of interpolation functions. The r-refinement usually uses a coarse mesh, and the nodes are redistributed to increase accuracy. To compare the three refinements, the h-and p-refinements increase the level of accuracy by imposing more nodal variables. This causes more computations and larger data in programming codes. However, this r-refinement does not increase the computational cost while increasing accuracy. In 1978, Babuska and Rheinboldt [I] have addressed that the node distribution is asymptotically optimal if the selected error measure is distributed evenly, and that this optimum error is rather stable under perturbations of the node distribution. Hence, it is not necessary to locate more nodes with excessive accuracy. Furthermore, for some specific cases, an adequate mesh associated with the r-refmement can even produce a more accurate solution than an excessively fine mesh [2] . Thus, this refinement is worth to be further exploited.
The main issue of the r-refinement is the criterion of node redistribution. There are two principal approaches, equidistribution mesh and direct minimization [3] . The concept of equidisbribution mesh is to map a set of irregular distributed nodes in the physical domain to a regular grid point in the computational non-dimensional domain by using a monitor function. For its implementations, most of them emphasize solving one-and two-dimensional differential equations [4] [5] [6] [7] . Some researches have analyzed elasto-static problems by using the boundary element method [8] [9] [10] . Lakshmanan et al. [II] have applied this technique on static thick cantilever beam problem and transient analysis of wave propagation. The derivation of this technique uses a monitor function instead of a real error measurement. Hence, the critical issue is to define an adequate monitor function. Also, it cannot guarantee to obtain an approximated solution with a global error.
Direct minimization is to directly minimize a measure of errors. Using variational principle, this technique leads to a set of global finite element equations and another set of nonlinear equations, which are used to determine the positions of nodes. This technique is called moving finite element. Miller et al. [12] [13] originally presented this method in 1981. Baines [14] has presented a clear understanding of moving finite element method including relevant examples as well as some numerical results. This method has been widely used to solve partial differential equations [15] [16] [17] . Most of the works are based on the minimization of the residual of the partial differential equations [18] [19] . Jimack [20] has applied moving finite element method on linear elasto-static problems and minimized the energy function by inserting an artificial time parameter in order to obtain an optimum mesh. This technique produces more unlmown variables, and those nonlinear equations will become more complicated to be solved due to the velocities ofnode movement involved in dynamic problems.
Axially moving beams arise in diverse mechanical systems associated with spacecraft antennas, telescope robotic manipulators, and high-speed magnetic drives. A dynamic model of these systems with flexibility is needed for analysis and design. The traveling Euler-Bernoulli beams are the most common models of axially moving continua. Tabarrok et al. [21] [22] [23] derived the equations of motion consisting of continuity equations, momentum equations and mass-tension relations and solved them by the method of characteristics. Recently, flexible extendible beams have gained prominence due to new applications in the area of robotics. A modified Galerkin's method is used to solve the equation of motion of an axially moving beam [24] . The assumed-modes methods are used to compare the simulation results with those obtained experimentally [25] . Stylianou et al. [26] [27] developed elements with time-varying domains to investigate the dynamics and stability analysis of the flexible extendible beam under more general configurations by the finite element method. Behdinan et al. [28] [29] [30] developed equations of motion for the geometrically nonlinear analysis of flexible sliding beams, deployed or retrieved through a rigid channel by using an extension of Hamilton's principle. Two approaches can be considered in the finite element method. One approach to deal with this class of problems is to employ beam elements of fixed lengths and to increase or decrease the number of elements as the motion of the beam varies. This approach is impossible to be implemented practically. The other approach is to use a fixed number of elements, but it is necessary to establish a beam element of variable space-domain beam.
This paper presents a simple technique to determine the positions of nodes while employing the r-refinement. A physical quantity, such as energy, displacement and stress, can be arbitrarily selected and inserted into this technique in order to obtain an optimum mesh, which has a minimum error associated with this quantity. A relevant mathematical algorithm is also provided, which can easily applied to any application problems. Furthermore, an axially moving beam is selected to demonstrate the efficiency of this technique. It is difficult to precisely predict the response of this beam due to its spatial domain changing with time. The Euler-Bernoulli beam theory is used to model this problem, and the results obtained by the r-refinement are also compared with those by the 11-and p-refinements. To the best lmowledge of the authors, this beam problem has not been solved either by either the r-refinement, or by the higher-degree beam elements like quintic polynomials. This paper will present a systematic study of this beam problem by these approaches.
RELATIVE-ERROR-BASED TECHNIQUE
The relative-error-based technique is developed in order to be applied in the r-refinement. This technique is based on a relative error, which is defined as the difference between two finite element solutions as follows [31] :
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In this technique, an optimization problem is performed, which is to minimize a relative error in order to determine a set of positions of the internal nodes. When the norm of difference between vectors {X,} and {Xi} approaches to zero, Equation (I) can be analogous to the differentiation of the quantity Q with respect to positions of the internal nodes. Hence, there is a minimum value associated with the quantity Q while the relative error is zero.
Based on the definition of the relative error, a mathematical algorithm for a two-element one-dimensional problem is listed in the following: I) Set a non-dimensional initial position of the internal node, (I) x N (the superscript (i) refers to ith iteration.) 2) Set the position step I',a,;, which is a distance from (')x N • Then, two test points are expressed as II). _("x _Ina,; II).
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close to I, but not equal to 1). This mathematical algorithm is constructed based on a one-dimensional problem discretized as two elements. This technique can be easily expanded to those cases with multiple internal nodes and multiple dimensional problems. In order to examine the results obtained by applying this technique, a non-dimensional absolute error indicator is defined as follows: (2) where the superscripts (FE) and ( 
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FINITE ELEMENT FORMULATION OF AXIALLY MOVING BEAMS
The beam is modeled based on the Euler-Bernoulli beam theory, and solved by using the finite element method. The difficulty of this problem is that the spatial domain is changing with time. The strategy of solving this problem is to discretize the beam as multiple elements, and the length of each element increases or decreases with time. Hence, the beam elements are constructed by utilizing the Liebnitz's rule. shows an uniform beam of length L(t) outside the rigid wall at time t, vibrating in the inertial coordinate system X-Y, and moving axially at a specified velocity Vet) along the X-direction. The part of the beam inside the rigid wall is assumed as non-deformable and has a prescribed longitudinal motion. The length of this part is expressed as L o -L(t), where L o is the total length of the beam. Any arbitrary material point along the neutral axis of the beam is located by coordinate X, and the elastic transverse displacement of the point with reference to the neutral axis at time t by v(X,t). There are three assumptions in this problem: the transverse displacement gradient v, is small so that its second-degree term (vx)2,can be neglected; the beam is rigid or inextensible along its neutral axis, and hence the axial velocity Vet) is independent ofX; the acceleration field is time-dependent only. Then, the Lagranigan of this mechanical system may be given as [22] (3)
where the three terms of the Lagrangian are the kinetic energy, the potential energy, and the longitudinal kinetic energy (a prescribed quantity), respectively.
In order to develop the finite element equations for the variable spatial domain beam element, a beam element coordinate system x-y is introduced and shown in Fig. 2 . The longitudinal position of an arbitrary point on the beam element is expressed as x and X with respect to the inertial and the beam element coordinate systems, respectively. Quantity L, is the position of the left-hand end of the beam element \vith respect to the inertial coordinate system. Then, the longitudinal velocity of an arbitrary point on the beam coordinate system is given as
Since the beam has a rigid longitudinal motion, i.e., X=1. = V and 1., =(L,IL)1., Eq. (4) 
Based on Eqs. (3) and (5), the Lagrangian of a beam element is
where I is the length of a beam element, which is also a function of time.
In the finite element method, an approximated transverse displacement can be expressed as
where 
Applying the Euler-Lagrange equation and employing Eqs. (6) to (9), the element governing equation can be expressed as
where [Me] , [ee] and [K e ] are mass, equivalent damping and equivalent stiffuess matrices of elements, {Fe} is a load vector of elements, and {¢e} is a vector of element variables. The mass matrix is symmetric, but the equivalent damping and stiffness matrices are in general not symmetric. The equivalent damping matrix depends on the mass matrix, i.e., if the mass is increasing, the equivalent damping matrix is positive definite, whereas if the mass is decreasing, it becomes negative definite. Since the free vibration of this system is considered, there are no applied forces, and the load vector is zero.
The global system equations are obtained by assembling the element equations and can be expressed as (11) where [M] , [e] , [K] are global mass, equivalent damping and stiffness matrices, {F} is a global load vector, which is also a zero vector, and {¢} is a vector of global variables, Eq. (11) is a set of linear second-order differential equations with variable coeffiCients. Based on the formulation, the axially moving beam problems are clearly non-conservative.
To account for the damping effects, a physical proportional damping matrix, is expressed as 
where L(0)=0.3500 (m), c=0.7000 (m), and r=1.200 (sec)
Eq. (13) is a quadratic function of time, and it can provide the motion of the beam with constant velocity or acceleration. Basically, Eq. (14) a sinusoidal function of time, which is generated in order to reduce the vibration ofthe beam [24] . The beam has an extrusion motion based on two test cases.
The finite element analysis of this beam problem is demonstrated by using the 11-, p-and r-refinements of the finite element method based on four error indicators. The selected physical quantity Q given in Eqs. (I) and (2) is total energy, the tip displacement, the tip rotation, and the clamped-end stress. The finite element model is solved by using the Newmark direct integration method with constant time-step size to obtain the transient response of the system. The reference solution of this beam problem is based on a two-node ten-element mesh with quintic shape functions. The time responses of the tip displacement of the beam for two test cases are shown in Figs. 3 
OPTIMUM MESHES BY THE RELATIVE-ERROR-BASED TECHNIQUE
This section presents the implementation of the r-refmement by using two-and three-element meshes. The goal is to find the optimum mesh by minimizing certain error indicators. The number of iteration for all test cases is below 50, and the tolerance set is the algorithm is 10E-4. Table I shows the non-dimensional optimum positions of the internal nodes based on the errors of total energy, the tip displacement, the tip rotation, and the clamped-end stress for two test cases [32] . The non-dimensional positions of internal nodes are defined as zero to one, based on the length of beam from the fixed end to the free end. This table also includes the absolute as well as relative error indicators, which are compared with the errors obtained by employing a uniform mesh. By applying the mathematical algorithm of the relative-error-based technique, the optimum mesh can be obtained. The results show that this algorithm can find the optimum positions of internal nodes, whose differences between those based on the absolute and the relative errors are below 0.01. To compare with the uniform meshes, the optimum positions of the internal nodes obtained for all test cases are slightly close to the free end. In other words, the uniform meshes cannot provide minimum errors in this beam problem. Especial1y for the tip displacement, the errors have almost a half ofreduction. 
ERROR ANALYSIS BY THE H-AND P-REFINEMENTS
This section presents the error analysis by the h-refinement of employing the beam element with cubic and quintic shape functions separately, and by the p-refinement. 
6.1
The h-refinement based on the beam element with cnbie shape functions The beam element is based on two-node beam elements with cubic shape functions, and the beam is modeled by one, two, three and four equal-length elements. Tables 2 and 3 list the errors of the total energy, the tip displacement, the tip rotation, and the clamped-end stress. While requiring errors to be less Transactions ofthe CSMElde 10 SCGM. Vol. 30, No.3, 2006 than I%, based on the errors of total energy, the suggested numbers of elements are two for test case I and one for test case 2. Based on the errors of tip displacement, the suggested numbers of elements are three for both test cases. Based on the errors of tip rotation, the suggested numbers of elements are three for test case I and two for test case 2. Based on the errors of clamped-end stress, the suggested number of element is three both all test cases. Comparing the two input motion profiles, the motion profile of the sinusoidal function produces smaller errors of total energy than the quadratic one under one-and two-element meshes.
6.2 The !I-refinement based on the beam element with cubic shape functions While implementing cubic shape functions, the bending stress and strain have linear relationship with the axial coordinate, and it is discontinuous at the inter-element nodes. This is inadequate to capture a required degree of accuracy. The two-node beam element based on quintic shape functions is employed in the h-refinement. Tables 4 and 5 list the errors of the total energy, the tip displacement, the tip rotation, and the clamped-end stress. For those cases of applying three or four elements with cubic shape functions, the errors are close to those of employing three or four elements with quintic shape functions. While requiring errors to be less than I %, a one-element mesh is sufficient for both test cases based on all error indicators. 6.3
The p-refinement This section presents the error analysis by considering one element on the beam and increasing the value ofp, which is the highest degree of interpolation function. Tables 6 and 7 show the errors of the total energy, the tip displacement, the tip rotation, and the clamped-end stress. The results show that there are large error reductions between the values ofp set as three and four. While requiring the errors to be less than I%, the suggested degree of shape functions is four based on the total energy, the tip displacement, and the tip rotation for both test cases. Based on the clamped-end stress, the suggested degree of shape function is five for both test cases.
COMPARISONS OF THE H-, P-AND R-REFINEMENTS
First of all, the comparisons of employing the h-refmement based on cubic and quintic shape functions are presented. In most cases, employing quintic shape functions may produce smaller errors than employing cubic ones under the same number of degrees of freedom. It illustrates that higher-degree shape functions are more efficient.
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Vol. 30, No.3, 2006 h The p-refinement has a higher rate of convergence than the It-refinement while employing cubic shape functions. In general, higher degrees of freedom produce higher accuracies. However, the computational cost also increases. Table 8 Since the implementation of quintic shape functions produces highly accurate approximated solutions, the r-refinement employs cubic shape functions by separately applying two and three elements in order to obtain the optimum positions of the internal nodes. While the positions of the internal node are either at the midpoint for two-element mesh or at one-third and two-thirds of the beam, these cases are the same with those of employing two and three elements with cubic shape functions, respectively. The errors obtained from employing the r-refinement are smaller than those from the It-refmement with cubic shape functions under the same number of elements. It illustrates that the equal-length mesh is not optimum, and the optimum positions of the internal nodes are highly dependent on the input motion profiles. In order to demonstrate the efficiency of this technique, this paper also provides a comprehensive study of flexible axially moving beam about selecting refinements and error indicators. By applying the hand p-refinements, the accuracy of finite element solutions increases as the number of degrees of freedom increases, no matter which error indicator is selected. However, the computational cost is also increased. By applying the r-refinement, the mesh of equal-length elements does not produce minimum errors, and the errors can be reduced to a half based on some error indicator. It illustrates that the r-refinement may have much improvement of error reduction, but computations and data space in computer codes do not increase.
